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Abstract
In this paper, we introduce a subclass of analytic functions by using the subordination concept

between this function and generalized derivative operator. Some interesting properties of this
class are obtained.
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1. Introduction

Let A denote the class of functions of form

f(2) =z + Tiep arz", (1)
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Which are analytic and in the open unitdisk U = {z: z € C and |z| < 1}. Afunction f € A is said

to be in the class S*(a) starlike functions of order a in U if and only if

Py > o 0<a<). )
f@

A function f € Ais said to be in the class C(a) convex functions of order « in U if and

only if

1+7 D >q O<a<1) 3)

f@
Let [a, n] be the class of analytic functions of the form:

(2) = a+ anz"+ an+1 2"+ ... (z € V).
Let f,€e A, where f (z) is given by (1) and g(z) is defined by
9(2) =z + Y5, bzt

Then the Hadamard product (or convolution) f * g of the functions f (z) and (z) is defined
by:
F*P@:=z+3" ,arbz=:(g*f)(2).

We consider the following differential operator.
Definition 1.1: (see [6]). Let the function f be in the class A .Form,a e No=NU
{0},12>=11 >0,

we define the following differential operator

Dmef(z) =z+ X" ltatal=n™ k @
A2 k=27 1401 ] Cla, k)akz

It is easily verified from (2), that

(1 + A2(k — D)D™ (A4, A2, @) (2) = (1 + A2(k - 1) — 11)D™(A4, A2, @) f(2) +

2 (D™ (1, o) (2)). 5)
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It should be remarked that the class of differential operator (A1, A2, «)is a generalization of
several other linear operators considered in the earlier investigations (see[1]-[5]).
Let f, g be analytic functions in U. We say that f is subordinate to g, if there exists a Schwarz
function w(z), which (by definition) is analytic in U with w(0) = 0 and|w(z)] <
1 (z € U),suchthat f (z) = gw(2)), (z € U ), and symbolically written as the
following:
f<gizel)orf(z)<g(z)(zeU).
It is known that f (z) < g(z) (z € U) = f(0) = g(0) and f (U) c g(U). further, if
the function g is univalent inU, then we have the following equivalent
f(@)<(2)(zel) <= f(0)=(0)
And f (U) < (U).

By making use of the linear operator (11, A2, a)and the above-mentioned principle of
subordination between analytic functions, we introduce and investigate the following
subclass of the classA.

Definition 1.2: A function f (z) € is said to be in the classy”(m, 41, 12, a, n, A, B) if it

satisfies the following subordination condition

(1—7) (Dm(ll,lz.u)f(zﬁ})ﬁ +y (Dm+1(;,1,12,u}f(zj}) (Dm(.‘-,l,lz,u}f(z])ﬁ o LAz

Dm(?'-lr}"ZJu':}f(Zj (Z E U)I

1+B= (6)

z z
Where the parameters y, 8, a, A1, 42, m, A and B are considered as follows:
Yy€E€C Re(f)>0,A1,42=20,1,12ERm=>0,—-1<B<1,A#Be€RandneN. We write
Y¥(1,1,1,1, 1, —1) = Y (B). Clearly, the class (B) is a subclass of the familiar class of Bazilevic
functions of type . If we set =0; A,42=1 in the class
Yr(m, A1, A2, a, n, A, B), then we obtained the class studied by Liu [7]. In the resent years many
researchers have studied various interesting properties with the liner operators, for example [11]
and [12].

In the present paper, we aim at proving some interesting properties of the class "
(m, A1, A2, a,n, A, B).
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2. Preliminary Results
In order to establish our main results, we need the following lemmas.
Lemma 2.1: (see [8]). Let the function h be analytic and univalent (convex) in U with
h(0) = 1. Suppose also that the function k given by
(2) =1+ cnz"+ 1zt 1"+ ...

is analytic in U. If

(2) + %P < h(z)(Re()) > 0; #0; z U), )
¢

Then
k(2) < x(2) =zt PR (Dt < h(t)  (zED),

And (z) is the best dominant.
Lemma 2.2: (see [10]). Let (z) be a convex univalent function in U and let g, n € C with

Re {1+ 20 “} > max {0, —Re (%)}.
q(2) n

If the function p is analytic in U and
op(z) +nzp'(z) < 0q(z) +nzq'(2),
then
(z) < (2) and (2) is the best dominant.
Lemma 2.3: (see [9]). Let g be convex univalent in U and k € C. Further assume that
(k) >0, if
(2) € [q(0),1] NQ,
and p(z) + kzp'(z) is univalent in U, then
q(z) + kzq'(z) < p(2) + kzp'(2)
Implies (z) < (z) and (2) is the best subdominant.

3. Main Result
Theorem 3.1: Let f (2) € Y¥ (m, A1, A2, a, n, A, B) with (a) > 0. Then
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(Dm(ﬂerZJa)f(Z))ﬁ -< (1"‘12““1)}‘? J-l 1+Azuu%

0 14Bzu

1+4z
du <—
14Bz

z Ayny

Proof: Define the function

m B
p(Z) _ (D {Alrflzra)f(z)) (Z € U)

(z€U),

9)

Then (z) is analytic in U with (0) = 1. By taking the derivative in the both sides in equality (9)

and using (3), we get

Lm )

(00 | (O (Dm[ll.?.zﬂ)f[z)ﬂ
(1 Y)( ; ] i (Dm(ll.}.z,m}f(z}] ]

=)+

z
By applying Lemma 2.1 in the last equation, we get

(+la(k-1))f  (1+da(k-1))8
Ayny Agny
1 fﬂt 1

11+At

(Dm(ﬂl,zz,a)f(z))ﬁ (bl i

z Ayny
1+4z

14+Bz

(zeU),

1+22(k—1
Where ( ——_(—Z
Ainy

The proof of Theorem 3.1 is complete.

144z
A s (7€l
B14ly(k-1)) ( )

(10

148z

1 $_i1+Azu
=Syt
n-0 1+B

du <

ZU

(11)
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Theorem 3.2: Let (z) be univalentin U, 0 # a € C. Suppose also that (z) satisfies

Re [1 + %} > max [0, —Re (W)} (12)

If (z) € A satisfies the following subordination

(1-y

Then

)(w)ﬁ' (Dmﬂ(h.}.z,ai}f(z)) (Dm(h.},z,u}f(z})ﬁ <92+ _Yhza(@) (13)

DM () 1p,0)f(z) z (1+hy (k-1))p’

(222 < (),

And q(z) is the best dominant.
Proof: Let the function (z) be defined by (9). We know that (10) holds true. Combining
(10) and (13), we find that

p(z) + 4@ - (7)) + M@ (14)
(1+22(k—1))B A+r2k-1)B

By using Lemma 2.2 and (14), we get the assertion of Theorem 3.2.

Taking (z) = 1+4zjin Theorem 3.2, we get the following result.
1+Bz

Corollary 3.1: Let ye Cand — 1 < B < A < 1. Suppose also that 1+4z satisfies—the
1+Bz

condition (12). If (2) € A satisfies the following subordination
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(1-y) (Dm(ﬂl,ﬂzz,tr]f(z))g N (Dm+1(11,ﬂ,2.a}f{z}) (Dm{ﬂi,lz,rx}f(zj)g -

D™(A4,4z,a)f(2) z
1+Az A,y(A-B)z
1+Bz  (1++A;(k—1))B(1+B=z)?
Then

Z . .
1s the best dominant.
+B=z 1+B=

(Dm(il,ﬂ,z,tz]f{z))‘g < 1+Az and < 1+A4
Fe

Theorem 3.3: Let (2) be convex univalent in U, y€ C with (y) > 0. Also let

m g
(F2222lE)" € Hq(0),1]1n Q and

z

D™(A1,4z,a)f(2) B D™FL(A,,45,a)f(2)\ [D™(A,,45,a) f(z) B
(1-7) ( Z ) T ( D™ (A Ap)f (2) ) ( )

Z

be univalent in U. If

yAzq (2) D) f@\F (D™ A @) (2)) (D™ dra)f(2)\P
1@+ G <A1 ( 2 ) * ( DAyl @)f (2) ) ( ) ’

Z

m B
Then q(z) < (D uldzﬂ]f(z]) , and g(2z) is the best subdominant.

=

Proof: Let the function P(z) be defined by (9). Then

¥haza'(2) _ ) (PR Oz )P DM Ay Az @)f(2) (DT(ArAza)f ()P
Q(z] + (1+ia(k—1)) 8 = {1 F) ( z ) Ty DMA, A (=) ) ( -4 )

yhizp (2)
(1+ha(k—1))8

An application of Lemma 2.3 yields the assertion of Theorem 3.3.

=p(z) +
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Corollary 3.2: Let q(z) be convex univalent in Uand—1 < B < A < 1, y €C with

Re(y) > 0. Also let

m [
(P49 € H[q(0).1] N Q and

(P aAza)f (2))P D™ (A a)f(2) (D™ (A z)F(2)\ P
(1 ]’)( = ) + ( D™M(AyAz.a)f (2) )( z )

be univalent in U. If

1+4z Li¥(4-Biz < (

](ﬂ”‘ch.ﬂz.anfcz})ﬂ N (ﬂm“cﬂmcr)ffz)) (Dm{ﬂbﬂzﬂjf{z))'ﬂ
1+Bz  (1++h(k—1))B(1+Bz)> z '

Y D™ Aqem) f(2) z

B 1+4z . .
) , and —— 15 the best subdominant.
1+B=

Then 1+4z < (Dm{Al,Az,a]f[z]

F4
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