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Abstract

Various theories of quantum gravity predict modifications of the Heisenberg uncertainty
principle near the Planck scale, known as the generalized uncertainty principle (GUP). In this
work, we study the effects of GUP on the equation of motion of a particle. Here, GUP preserves
the rotational symmetry of the space-time. Then, considering the Kepler potential, we investigate
the orbit motion of a particle and obtain the contribution of the radial component of the kinetic
energy in this model.
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1. Introduction

Heisenberg obtained the Uncertainty Principle on very general grounds, using only the
quantization of the electromagnetic radiation field. He did not consider gravitational effects in
his uncertainty relation, as are usually assumed to be negligible. However, at increasingly large

energies the gravitational interaction is more and more important.
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Various approaches to quantum gravity (such as string theory, doubly special relativity
theories, as well as black hole physics) suggest that near the Planck scale, the Heisenberg
Uncertainty Principle should be modified. The modified Uncertainty Principle is called
Generalized Uncertainty Principle (GUP) (Amati et al., 1989; Maggiore, 1994; Garay, 1995). An
important consequence of quantum gravity scenarios is the existence of a minimum length.
Because the Heisenberg uncertainty principle does not exert any restriction on the measurement
precision of the particle's positions or momentum, there is no minimum measurable length in the
usual Heisenberg picture.

In the past few years, quantum mechanics with modification of the usual canonical
commutation relations has been investigated intensively (Kempf et al., 1995; Maggueijjo &
Smolin, 2002and 2005; Das & Vagenas, 2008; Ali et al., 2009; Pedram, 2010). Such works,
which are motivated by string theory and quantum gravity, suggest a minimal length as
Ax=>hVB. This means that there is no possibility to measure coordinate x with accuracy smaller
than AV, where f is a positive parameter and depends on the expectation value of the position
and momentum operators (Garay, 1995; Kempf et al., 1995). Because in string theory the
minimum observable distance is the string length, v/Bis proportional to this length. If we
setB=0the usual Heisenberg algebra is recovered. In the low energy limit, these quantum gravity
effects can be neglected. But in circumstances like the very early universe or in the strong
gravitational field of a black hole, one has to consider these effects. The modification induced by
the generalized uncertainty principle (GUP) on the classical orbits of particles in a central force
potential has been considered in ref. (Benezik et al., 2002; Ahmadi & Khodagholizadeh, 2014).

In this paper, we are going to proceed to study the effects of GUP on the equation of
motion of a particle in a Kepler potential field. Then, we will compare the contribution of the

radial component of kinetic energy in this model with that of the ordinary classical mechanics.

2. The modified equation of motion

Let us start by considering the commutation relation with the GUP as:
[xi,pj]=ih (1+Bp2) 8ij (1)
Where 3 is a positive parameter that depends on the expectation value of xi and pj which
are position and momentum components respectively. We may assume the components of the

momentum pj commute with each other:
[pi,pi]=0(2)
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So the commutation relations of coordinates become
[Xi,xj]=2ihB (pixj—pjxi) (3)
Since commutation relations in (1), (2) and (3) do not break the rotational symmetry, we
are able to express the rotation generators in terms of the position and momentum operators as
follows:
Lij= 11+Pp2 (xipj—xjpi) (4)
In the classical limit, using the Poisson bracket, the relations 1, 2 and 3 can be written as
{xi,pj}= (1+Pp2) 8ij (5)
{pi.pj}=0 (6)
{xi,xj}=2P (pixj—pjxi) (7)
The Poisson bracket must possess the same properties as the quantum mechanics
commentators, namely, it must be ant symmetric, bilinear, and satisfy the Leibniz rules and the
Jacobi identity. So, we can find the general form of the Poisson bracket for any functions of the

coordinates and moment as follows:

aF aG dF aG dF aG
{F, G} = (ﬂ'—xl@_p] — ﬂ'—mﬂ_xl) {Xi, p]} + ﬂ_X]ﬂ_X]{X“ Xj}(g)

Now, to study the motion of a macroscopic object in a central potential, we write the

Hamiltonian as

2

_ Pi
H= m +v(r) (9)
The time evolution of the coordinates and moment become:
JH 0H
% = {x;, H} = {x;, pj} =— + {xi, 5} =— (10)
i i ir Hj apj ir 42 aXi
dH dJH
i i irVj axj ir Fj apj

Using equations 5, 6, 7 and neglecting terms with order of B2, we have:

% = (1+BpH)E— 2B G2)Lyx;(12)

= (1 Bptx (£ 5) (13
. = @ — X, —_
p] p 1 r ar
For motion in central potential field, the generators of rotations Lij are conserved due to
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{Lij, H} =0. The conservation of the Lij imply that the motion of the particle will be confined to
two dimensional plane spanned by the coordinate and momentum vectors ant any point in time.

Finally, using the above equations, we can obtain the equations of motion of a particle as
follows:

N , 1dv
ms; = (1+3pp2)p — 28-S ) b (19)

3. The Kepler potential field

Here, using the Kepler potential V/(r) = -k/r, equation (14) becomes as:
. o Xi k k
m; = (1+ 4pp?) = () — 285 p1 (15)

Since B is a very small parameter and r is very large, we can ignore the second term in

comparison with the first term. Now, we rewrite equations (15) in spherical coordinates:

. . 0
m(f - 8% - r¢’sin’6) = —[1+ 4pm’(i* + 16’ + rznpzsinzﬂ)]a—‘; (16)

d, ..
m&(rzﬂ) —mr’(*sinfcosB@? =0 (17)

d
a(mrzqi sin?f) =0  (18)

Since the generators of rotations Lij are conserving, the case of a plane orbit is a valid

solution for above equations. For simplicity, we consider the equatorial orbits (i.e.,0=n2 ) and
obtain these equations

k k
m(f — r¢p?) = —Z = 4Bm? (% + 1'2432); (19)
d .
—(r20)=0 (20
m T (r ) (20)
d 2p)=10 (21
dt(mr @) =0 (21

Using equation (21), we can have L=mr2¢  which is a constant. By substituting in
equation (19), we obtain:
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mi = 2 (1 - 2828) _ X _ apiom? S22

f k i
Ve ————— 4pkm’ = = — (1 - —-) ———4Bkn12r—2(23)

The second term in parentheses of the above equation is very small compared to one, and then
we can neglect it. In following we are going to concentrate on the energy of the system, which is

a composition of kinetic and potential energy. As we know

8Bmky ., 1 ., . k
(1— . )mr +2n1r(p —r(24)

We see that the contribution of the radial components of kinetic energy is less than ordinary

2.2 __ 1
classical mechanics. Also, if we consider abject with E>0, inr=88mk, we have™" ¥ ap
By assuming xmin=h\/,8, we obtain

h
P=5—(25

Because pmaxXxmin =h2/, from above equation, we can conclude P=pmax and =8mk = xmin.
Then we can obtain

s
64m2k?2

B= (26)

Where S depends on the mass of object (m) and the constant of potential field (k). We see, whatever

mand K are larger, § become smaller.

4. Conclusion

In this paper, we have investigated the effects of GUP on the equation of motion of a
particle. Also, we have studied the equation of motion of a particle in a Kepler potential field.

We found that the contribution of the radial components of kinetic energy is less than ordinary
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classical mechanics. Finally, in a dynamic system, we obtained a relation between the parameter,
the mass of the moving object m and the constant of the Keplerpotential K.This is the key point
of this paper.
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