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Abstract

The nonlinear Schrodinger (NLS) equation models wave dynamics in many
physical problems related to fluids, plasmas, and optics. The standing periodic waves are
known to be modulationally unstable and rogue waves (localized perturbations in space
and time) have been observed on their backgrounds in numerical experiments. The
exact solutions for rogue waves arising on the periodic standing waves have been
obtained analytically. It is natural to ask if the rogue waves persist on the standing
periodic waves in the integrable discretizations of the integrable NLS equation. We study
the standing periodic waves in the semidiscrete integrable system modeled by the high-
order Ablowitz-Ladik (AL) equation. The standing periodic wave of the high-order AL
equation is expressed by the Jacobi cnoidal elliptic function. The exact solutions are
obtained by using the separation of variables and one-fold Darboux transformation.
Since the cnoidal wave is modulationally unstable, the rogue waves generated on the
periodic background.
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Ablowitz-Ladik Equation

Introduction

Rogue waves have gained more and more attention recently [1]. In order to
construct rogue waves on the periodic background, Chen and Pelinovsky first combine the
nonlinearization of spectral problem with the Darboux transformation method [2], and
then by using these two approaches, rogue waves on the periodic background have been
obtained for the NLS equation [3, 4], mKdV equation [2, 5], derivative NLS equation
[6, 7], sine-Gordon equation [8] and discrete mKdV equation [9, 10].

Two families of periodic wave solutions of NLS equation are constructed by
the Jacobi elliptic functions [3] and modulational stability of these solutions with respect
to long pertur- bations was studied in [11], where it was concluded that the dnoidal and
cnoidal waves are modulationally unstable, rogue waves generated on the periodic
background. Recently, they generalized this results to the Ablowitz-Ladik equation and
investigated modulational stability of the standing periodic waves and obtained similar
results [12]

In this paper, we consider the high-order AL equation in the following form

un=i(1+ |Un|2)[(l + |Un+1|2)un+2 + (1 + |Un—1|2)un—2 ;'l'_qn(uz
. (1.1
%+1 +u ) + UE(U n—1Un+1 +
Un—1U n+1)], ne
Z,
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we construct new solutions on the periodic background of the equation (1.1) by
combining the separation of variables and the Darboux transformation method. First, by
using the separa- tion of variables, we obtain the forth-order difference equation and then
we specify the exact expressions between the squared eigenfunctions and the standing
periodic wave solution which is expressed by cnoidal elliptic function. Second, the
cnoidal standing periodic wave can be obtained from the fourth-order difference
equation. Finally, one-fold Darboux transformation can be used to construct the rogue
waves generated on the cnoidal wave background.

The article is organized as follows. In section 2, we give details of the
periodic squared eigenfunctions of high-order AL equation spectral problem related to
the cnoidal elliptic func- tion. In section 3, we compute the standing periodic wave given
by cnoidal elliptic function. In section 4, we compute the second, linearly independent
solution of the Lax equations. We con- struct the rogue waves generated on the cnoidal
wave background using the one-fold Darboux transformations in sections 5. Section
6 gives the conclusion.

The Separation of Variables

The equation (1.1) can be represented as the compatibility condition for the

following Lax pair of linear equations I
v =Uy, u=~+1 P , (2.1)
+1 Ln
: h" 1+]ug2 ~Un 2—1
and v 1
Jn =Vayn, Vo= 1 vaZ (22)
i 2l —\/n
h
where 1
v 1l Loyvg u2vu o2l 2 2, 07
4 u2
o :2()L + ) n—1l n n-1n H_ZTJn_l n—1 n

+(1 + |un—1/2)(@n—2Un + Un—20n) + (L + |un/2)([@n—1Un+1 +
Hn—llTn+1)], V12 =23u, + i[i::Tn—lU2 +@1+ |Un|2)Un+1] -2 3%Un—1

o n10n + (L +|un—12)un 2], , _ B
\'421 =-2%Un—1 —i[u 2 n_lin + (1 + |Un—1| )U n—Z] + ) %Un

+2 Yun_102 + (L + |unf2)Tnsa].
We consider the standing wave solution of the equation (1.1) in the form
Up = UneZiwt’

)

where Un is the real periodic function and w is a real parameter.

(2.3
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Substituting (2.3) into the high-order AL equation (1.1), we obtain the forth-order
differer&ceequatiop
@+uUd[@a+u YWnse2 + (1 +UMU,2 + Up(U +U2%2 )
n n n—1 n—1n+1 (2_4)
+1
+ 2Un—1UnUn+1] = ZCC)Un, necZz.

Let us separate the variables for solutions wn = (pn, gn)" of the Lax equations (2.1)

and (2.2)

Pn = Pn(t)ei‘“’, On = Qn(t)e_iaﬂ. (2.5)
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Substituting (2.3) and (2.5) into the Lax equations (2.1) and (2.2), we obtain the
following Lax

equations | |
- ! -
P+l — ~/ * 2 Pn | (2.6)
Un
Qn+1 Q”
and 1+U2 —U, AT
1 1
' o, !
d Pn =jq1V n Pn (2.7)
T
where dt Q n21 R Qn
v 11 411 H U U 2+ +U U2Z+UU (1+U2 )
=, +2 n—1 n n—1 nn—2 n n—1

+ 1Up1(1 + U?) — o,
&Jf _Asu +/1[Un 1U2+(1+U )Un+1] -1 3Un 1

—~ Un+(1+U2 YU,—2],
\L/J/él =—A3un—1—z[tffl Un* {1+ )Un—2]+2 3Un
n n—1 n—1

+}fl[Un71U 2+ (1 + U 2),Un+1]. n

Lemma 1 Let Un be a solution of the forth-order difference equation (2.4).
The real-valuedquantities

F1=2(U,2Un + U? Ug - YgratUn+1 + Un—1U%Un+1 Uno

2 2 "2 M3 o2 4"y "y 2 g
Un_Uz —Un_% - Un2— UnE—l 22Unl%n.|;12 UaUn+21 :Un2_1U£1 —U_n_zlurb

5 n—1Un 2Un—41UE Un\g—ZUX Un—1Un+£ Un—2U3(l—12 2Up—2Up-1

gn 1UnUn+1 - 2U;—1UnUn+1 42Uf 1U5Un-lél 2U;,— 1U|§Un+31_

§Un 1UnUn+1 —%Un 22Un— Un2 %Un 1UnU4’]+1 —2Un—2§Jn 1Un

gn—ZUn—lun —2Uy—2Up—1Un - 2U3n—2Un—1Un — 2Up—-2Up—1Un

%Un—ZUn—lUnUnﬂ —32Un—2Un—1UnUn+l — 2Up—2Up—1UnUn+1
—2Un—2U,;,—1UnuUn+1,

and 3 3 3 3
F2 = 20Un—1Un —U°Un+1 —UnUn+1 —Up— 1Un—U U -uUxp—-1U

nz1
Up—1Un + Un—22Un+1 - Un—2U£l—1 - Un—ZLSJn—% - Unglu?wténﬂ
U;—1UnUn+1 + Up—2UnUn+1 —Up—2U;—1Un —Up—2Ux—1Un
+U, oU? 2Yn+1 + U 2Un+1.
Un—2U2
are independent of n € Z.

n—1

Proof : It is easy to verify that (E — 1)Fi =0, 1 = 1, 2, where we use the
following shiftoperators

E(wn) = wn+1, E" (wn) = wn-1.
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Proposition 2 If the Lax equations (2.6) and (2.7) are solved with the
separation of variablesas
Pn(t) = Pne®t, Qn(t) = One, (2.8)
where (Pn,Qn)T is t-independent, then the spectral parameters Q and A are related
by the algebraic equation
Q2+P(A) =0, (2.9)
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where 1
PA=20+ )o@+ )-F@+ )-Fi+ 2}

o “ g -4 2w , (210)
4
Proof: Substituting (2.8) into the time-evolution problem (2.7), we obtain a linear
algebraicsystem . N v
" - vl s+ Qn =0,

which admits a nonzero solution if and only if the determinant of the coefficient matrix is
zero

Vil vjont? ' -=o.
“11

;:]2]_ . -Vn +1IQ .
Expanding the determinant yields the algebraic equation in the form (2.9) and (2.10),
whichcompletes the proof.

Proposition 3 Let 11 € C be a root of the polynomial P (1) in (2.10) and define
1 _ q _
w=2(/ﬁ+A 4)'*'01 F1+(/\%+/\1 ﬁFz, o, ==*1 (2.11)

Then, the eigenfunction (Pn, Qn)" of the Lax equations (2.6) and (2.7) with A1 is given
by

2 33 12 2 — 231
P A Un "iil[Un 1Un + (1 + Lg] )Un+1] }vl Un 1

n
2.12
— U0 + (1 + U )U.-2), 212
2
Q? =23U, 1+ 11[U? Un+(1+U? )U,2] — 23U,
n 1, n—1 1 (2.13)
— A MUp-1U 2 + (1 + U2)Un+al,n n
and a
PnQn =01 F1+ (A* A7)F2 —U,—1Un(A3 + 27?) —U2  U? ,
14
—Un—ZUn(l + Un—zl) - Un—1Un+l(1 + Un) ( )
Proof: The relation (2.11) is given by solving P(11)) = 0 in w. Since the
root of P (4)corresponds to Q = 0, it follows from (2.7) that P, and Qn are related by
1 4 2 -2 2 2 2

[,(G1 +41 )+ UpaUn(A1 + /1]3 ) + Up—1Un + U,—2Un(1 + Uy—1)
-I’|]- n-1Un+1(1 + U?) —w]Pn + [A3Un + /ll[LUnfluz + (1r:l|' ) )Unﬁl]

— AUy — AU b Un+ (1 + U2 )Us-2]1Qn = 0.

1

Multiplying this relation by P, and by Qn verifies the relations (2.12)-(2.14) with the
help ofrelations (2.11), which completes the proof .
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1. Cnoidal Standing Periodic Wave

There exists the exact standing periodic wave solution of the fourth-order difference
equa-tion (2.4) in the form of the Jacobi cnoidal elliptic function

Un(t) = Acn(an, k),

)

(3.1
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where «a € (0, 2K(k)), k € (0, 1) are arbitrary
parameters.Substituting (3.1) into (2.4), we obtain

sn(a, k 1+ 2(k%_1)sn?(a, k)_ k?sn*(a, k
B k) v dn4(a( : Jsn*(a, K)_ Ksn*(a, K) 3.2)
dn(e, k)
Considering the conserved quantity F1 and F> at an = 0 yields

1 2 A od 2 al A\ enb

an8(_a, 9 ( _8k= + 8k*)sn*(«, k) + (8k= 8k™)sn°(«a, k)
+ (k* —2k8 + k®)sn®(a, k) , (3.3)
F = L sege  1)sn(a Ken(a, K) |
dnb(a, k)
Substituting (3.2) and (3.3) into (2.11), we obtain
q \/

(1 —ksn(e, kK))(en(e, k) +i 1 —k4sn(a, K)) (3.4)

AT = _
dn(a K) o1 =+1,

2. Nonperiodic solution of the Lax equations

The following lemma presents the nonperiodic solution of the Lax equations (2.6)
and (2.7) for the eigenvalue A;.

Lemma 4 Let (Pn, Qn)" be a solution to the Lax equations (2.6) and (2.7)
for the eigenvalue 2 = 11 given by roots of the polynomial P (1). The second, linearly
independent solution (Pn, On) of the Lax equations (2.6) and (2.7) with the same
eigenvalue 4 = A1 is denoted by

Bn= Pnon — ﬁ%%ﬁ Qnen ﬁ%ﬁﬁ (4.1)

whege - — 5 ) NS

(A1c DA 1UnP ©« -21UnQ < - (1 + |A4] )7P nQn) ., (4.2)
On+1 —6n = ’

where " " Yn

= AP 2P 2 # |1PU2P2P,2 s [11[221UnP2P nQn -A1UnP 2P nQn

+|i1|2&1unp Pnanuun P 2PuQn + 1[*PnQnPnQn + 24122 PnQﬂf nQn
+ PnQnPnQn + 111 1UnP nQ nQ? -11UnP nQ an + || zlunPnQn

— 21UnPnQnQ?2 + 142U%Q%Q 2, +,02Q 2,

and .
Qn,t = 1.

)

(4.3
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Proof: Substituting (4.1) into (2.6) and (2.7), after long but straightforward
computations,we have simplified the expression to the form (4.2) and (4.3).

Remark 1 It follows from (4.2) and (4.3) that 6n(t) = ®On + it, where the t-
independent On(t)

is obtained from the difference equation (4.2).
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3. Rogue Waves on the Cnoidal Wave Background

The following lemma presents the one-fold Darboux transformation for the high-
order ALequation (1.1).

Lemma 5 Let yn = (Pn, On)' fOr the eigenvalue i1 be a solution to the Lax equations
(2.1)and (2.2) pertinent to the spectral un(t) of the equation (1.1), then

0,721 ~11Mypndn - (Aaf?lpnl? + Paf4gn?)un

PPWRp . 1 Plag : 6.1
is a new solution of the equation (1.1) and = T is a new solution to the Lax
wn [1],,, equations
(2.1) and (2.2) with arbitrary 4, where

!
1 A+anit bn
[1] _ -
Tn =V _ n ~bn  AT'+apA
—a

with Ja(Pallpol? + lanl?) Aa(1=Paft)pntin
) o 2e oy T el oy

n a2l |A1]<]an

Proof: By using Wolframs Mathematica symbolic computations, it is easy to verify ,

that T _ R
satisfies Darboux equations —[1] _ ¢+ andV TH =TH +THyV
U Iy =

nmn Un+l Nn n nt N n

Remark 2 For cnoidal wave (3.1), substituting (2.3) and (2.5) into the one-fold
Darbouxtransformation (5.1), we get

O = OHEZiwt, (52)
with 2 ) ) . B
U, = 21(Pnl° +121Qn[9)Un  A1(1-a[*)PnQn
A PPR+IQ2y *52¢ R +Rey (5.3)
2P

Substituting (5.1) into (5.3), we get the rogue wave solution to the equation (1.1) in
theanalytic form

21(Pnf2 + 412|Qn[?)Un Ja(1— A hn O

_ 2°2 52  + "y~ -
0 - N .
" J1(2] |Pal + |Qnl ) i1(|?1:|) |§?n$ +]Qn)’ ©® 2 6.4
where

©2 = 12 [12P 2(P2R 2Pnn + 2P2@2RP nQ n +£2Q 2 PnQnh+Q2(P
2F’_ZF’_n(Sn

+ 2P 2Q2 PyQp + Q2Q2 P nQn)Ibn? + (1 -111P)[Q? (PP 2 + PnQnP nQn)bn
+ P 2(PnQuP nQn + Q2Q2 }n] + 1PQPPnQn # P 2PnQn
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O /11(1 P2 PZPnQnPnQn +2P2P 2Q2Q2 + Q?Q2PnQnP nQn)lfnl?
+P2(P PnQn+Q2PnQn)0 -Q? (2 > 2p, B, "+ 0P nQdnYon -PrQnPnQn]

— 2 [P 2(P2P %PuRn + 2P?Q%P AQn + Q3 Q2 PaQn) + 11PQZ (PP 2PnQn
+ 2P 2Q? PnQp + Q°Q2 P nQn)In% + (412 ~DIQ? (P2P 2 + PnQnP nQ n)bn

+ P 2(PnQaPnQn +Q?Q%)0n] + QP nQn + al’P *PnQn
Un.
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%nd P2 anand PnQn are given by (2.12),(2.13) and (2.14).
Figure 1 shows that when we choose a = ¥4 and k = 0.999, the solution surface of
the

rogue wave solutions (5.4) arising on the cnoidal wave (3.1) for the eigenvalue 11 given by
(3.4).

Figure 1: The solution surface for the rogue wave solutions arising on the background
of thecnoidal wave with a = K(k)/4 and k = 0.999.

4. Conclusion

In this paper, we construct the exact solutions for the high-order AL
equation. Since the cnoidal periodic wave is modulationally unstable, we use the one-
fold Darboux transformations to construct the rogue wave solutions arising on cnoidal
wave background.
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